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Abstract—This paper describes the application of 3D syn-
thetic aperture focusing (SAF) to a single element trans-rectal
ultrasound transducer. The transducer samples a 3D volume
by simultaneous rotation and translation giving a helix motion.
Two different 3D SAF methods are investigated, a direct and
a two-step approach. Both methods perform almost identical
for simulated scatterers and give a significant improvement in
azimuth resolution and a constant resolution in elevation. Side-
lobes below -60 dB is achievable for both methods.

Validation of the method is achieved by scanning a simple wire
phantom and a complex phantom containing wires in azimuth
and elevation. The simple wire phantom shows the same results
as that found through simulation. The complex phantom shows
simultaneous focusing in azimuth and elevation for the wire
scatterers.

Considerations on processing requirements for both 3D SAF
methods show that the two-step approach can give equivalent
performance using an order of magnitude lower calculations.
This reduction requires a temporary storage of 9.1 GB of data
for the investigated setup.

I. INTRODUCTION

Males living in the United States have a risk of 16.7%
for developing prostate cancer during their lifetime, which
accounts for 25% of all cancer cases in males [1]. Some
of the prostate cancer cases are treated by radioactive seed
implantation, also called brachytherapy. The treatment depends
on a pre-operation analysis of the prostate to decide on seed
placements, which can be done using either x-ray computed
tomography (CT) or trans-rectal ultrasound (TRUS). During
the procedure the prostate will move and change dimensions
due to a different patient position and needle insertion. For
a better placement of the seeds a real-time visualization of
the prostate gland is desired. X-ray CT is of limited use
due to both radiation exposure of medical staff as well as
limitations of the machines. Using 3D TRUS to visualize
the prostate gland during operation allows for an interactive
guided placement of the seeds [2].

TRUS transducers are made of both single-element and
array transducers. Single-element transducers are cheaper to
produce and have lower requirements on sampling and con-
nectivity compared to multi-element transducers. It is possible
to acquire 3D volume data by applying rotation and translation
simultaneously. The transducer design investigated in this
paper is a single-element TRUS probe primarily designed to
investigate the rectal wall. The results gained here can easily be

translated to rotating transducer arrays, especially if combined
by a sequential beamforming as presented in [3].

Single element transducers have a good image quality for
a limited region of depth. Outside this region the resolution
quickly degrades both in azimuth and elevation. This can be
alleviated by synthetic aperture focusing (SAF). SAF is a
method originally used in radar systems [4]. This method was
later applied to ultrasound imaging for medical use [5]–[7].
SAF has been shown to be able to increase the resolution
and signal-to-noise ratio outside this region by focusing the
received signal from several emissions for either translating or
rotating movements [8]–[10]. By increasing the focal region,
it is possible to extend the range of use for a given transducer.
Measurements will also be less susceptible to differences in
patient size and anatomy.

This paper investigates the effects of performing 3D SAF
with a single element transducer undergoing a helix motion.
The paper shows the effects on the full width at half max
(FWHM), mean side-lobe level (MSLL), and signal-to-noise
ratio (SNR) for single plane focusing, as well as 3D focusing
using a two-step focusing or direct 3D focusing for each
emission. Initial analysis is made using simulations with Field
II [11], [12]. Validation of the simulations is done using two
wire phantoms.

Section II describes the method being used to perform
SAF, Section III describes the equipment used and parameters
for simulations and Section IV shows the results obtained.
Since full 3D focusing requires much more processing than
simply doing scan-conversion, the requirements on processing
is discussed in Section V.

II. METHOD

Conventional imaging using a single element fixed focus
transducer shows the amplitude detected signal for each emis-
sion using a scan-conversion appropriate for the transducer
motion. Outside the focal depth of the transducer, the response
will contain information from tissue outside the center-line of
the element, degrading the resolution of the image. Mono-
static synthetic aperture focusing (SAF) can combine several
emissions for each image line. By applying different delays
to each emission it is possible to achieve dynamic focusing
outside the focal-point of a fixed focus transducer. This focus-
ing is achieved because of the transducer motion, creating a
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Figure 1. Visualization of the motion and virtual source for the transducer.
The blue rings show the limits of the acceptance volume, the black dotted line
shows the motion of the element and the large surface represents the actual
transducer.

synthetic aperture.
Conventional SAF assumes a defocused spherical wave

is emitted from the transmitting element, propagating in all
directions. Single element transducers are often mechanically
focused and will not emit a defocused spherical wave. Instead,
the focal point of the transducer can be viewed as a virtual
source (VS), emitting a spherical wave within a limited angle
of divergence along the central direction of propagation [13]–
[16]. Fig. 1 shows the setup as used in this paper. The
transducer is shown as a concave surface with a focal point
denoted by VSfoc. The transducer will move along the dotted
line and rotate so the z-axis will point from the center of the
cylinder to the outside, making it perpendicular to the line.
The rings along the z-axis show the limits of the acceptance
angle, which are rotationally symmetric, defining a volume of
acceptance. Within the acceptance angle, the assumption of a
spherical wave propagation is assumed to be valid.

The time-of-flight (ToF) for a given point of interest within
the volume of acceptance is given by

T (r⃗p) =
2

c

(
|r⃗p − V⃗Sfoc| ·

rp,z − zV S

|rp,z − zV S |
+ zV S

)
, (1)

where c is the speed of sound, r⃗p is the point of interest, V⃗Sfoc
is the position of the virtual source, rp,z is the depth of the
point of interest, and zV S is the depth of the virtual source.
It is assumed that the transducer is positioned at r⃗ = (0, 0, 0)
and the direction of propagation is along the z-axis for easier
notation. The acceptance angle can be expressed as

θ = tan−1

(
h

2zVS

)
, (2)

where h is the height of the transducer. Widening the accep-
tance angle allows more emissions to be combined for a single
point. A downside of this change will be that the resolution
will degrade more quickly outside the focal region, if used for
conventional imaging.

The resolution attainable from SAF is dependent on the
F# that it is possible to synthesize. If the transducer is
only translating, it is possible to calculate the maximum valid
aperture, denoted L, depending on the depth relative to the
virtual source from (2). We can now calculate

F#
SAF =

L

|z − zVS|

F#
SAF =

2 tan(θ)|z − zVS|
|z − zVS|

F#
SAF =

h

zVS
= F#

xdc (3)

where F#
SAF is the best possible synthesized f-number and F#

xdc
is the f-number of the transducer. This shows that for pure
translation SAF is able to maintain the same resolution for
all depths, which the transducer has at the focal point. Since
the transducer is rotating in the other direction, the expression
becomes more complex and the result can be approximated as
a linear increase as a function of depth [17].

The beamformed signal for a single point is calculated by

p(r⃗) =
N∑

n=1

ansn(Tn(r⃗)), (4)

where N is the total number of contributing emissions, an is
the apodization for the n’th emission, sn(t) is the received
signal from the n’th emission at time t, and Tn(r⃗) is the ToF.
As the transducer is both moving and rotating, the coordinate
system is rotated around the transducer to allow the ToF
calculations to be made by (1).

A. 3D beamforming schemes

For 3D SAF beamforming two approaches are investigated
in this paper. The first is doing the ToF calculations for a
given point directly from all contributing emissions according
to (4). This generates a large number of calculations, but has
a single ToF value for each sample and only relies on a single
interpolation to acquire the RF sample. Another approach is
described in [18]. This two-step method applies 2D beamform-
ing first in azimuth by improving resolution in each scan-
plane separately, which compares to using conventional 2D



SAF. Although the transducer moves in a helix, the translation
per rotation is small enough to allow the translatory effect
to be neglected. The lines in the scan-planes are then used
as data for a subsequent focusing in the elevation direction.
A benefit from this method is firstly, a large reduction in
the number of required calculations and secondly, that any
method can be used to generate the initial azimuth focused
data. Drawbacks are the method requires two interpolations
and creates a potentially large temporary dataset. The axial
sampling density for the first beamforming step is estimated
from [19] and given by

N =
4d(1 + Brel

2 )

λ
, (5)

where d is the sampling depth, Brel is the relative bandwidth of
the transducer, and λ is the wave-length of the center frequency
of the emitted pulse. The angular sampling density is equal to
the number of lines per revolution.

Both ToF schemes can be calculated using the method de-
scribed in [20], which has the same computational requirement
per point regardless of whether 2 or 3 dimensions are used.
This makes comparison in computational costs simpler since
only the actual number of points will be significant.

III. MEASUREMENT SETUP

All measurements are performed using a scanner system
supplied by BK-Medical, Herlev, Denmark. The transducer
element undergoes a helix motion with 900 emissions per rev-
olution and a movement of 0.2 mm in elevation per revolution.
The transducer parameters are found in Table I. The scanner
supplies complex RF-data sampled at 12 MHz at baseband.
Data are moved from the scanner to a capture PC in real-
time with a Camera Link interface card from Dalsa Coreco,
Waterloo, Ontario, Canada. A total of 140 and 210 revolutions
are acquired for two phantom measurements, covering 28 mm
and 42 mm in the elevation direction. All simulations are based
on the same geometry and movement. Post-processing is done
using Matlab. Beamforming is performed with an up-sampled
data-set to reduce interpolation errors.

Table I
TRANSDUCER AND MEASUREMENT PARAMETERS.

Transducer type Single Element
Center frequency, f0 6.0 MHz
Element radius 8.5 mm
Focus depth 25 mm
Rotation radius 5.3 mm
Emissions per revolution 900
Slice thickness 0.2 mm

IV. RESULTS

To evaluate the ability of SAF to improve resolution in
azimuth and elevation, a series of scatterers are simulated
and measurements are performed on two phantoms. One
phantom consists only of wires and is used to evaluate the
improvements in resolution in the elevation direction. The
second phantom has wires in both the lateral and elevation

direction. Measurement and simulation positions on figures are
indicated by the position of symbols. Measurement points are
connected to visualize how the value between measurements
is assumed to be. Beamforming is performed using a Hann
apodization. This is done for 2D and 3D focusing and for
simulations and measurements.

The resolution in both azimuth and elevation is first esti-
mated independently through simulation. A set of scatterers
are simulated between 15 and 100 mm of depth with a 5
mm spacing to represent both the near-field and far-field
of the transducer. The evaluation will be done using the
FWHM, MSLL, and gain in SNR to evaluate resolution,
and penetration, respectively. FWHM is calculated from a
maximum amplitude projection in the axial direction for each
scatterer. The MSLL is defined as the mean value outside the
main-lobe, where the main-lobe is defined as twice the width
of the -20dB level. SNR is often estimated by several identical
measurements. Because of the motion of the transducer, cre-
ating exact measurements will be very difficult. Instead, the
gain in SNR is estimated using the result from SAF and for a
fixed focused emission. The estimate is calculated by

SNRgain =
p2sp,saf

p2sp,uf
∑N

n=1 a
2
n

, (6)

where psp,saf is the amplitude at the spatial peak of the
investigated scatterer, using a SAF beamforming approach,
psp,uf is the amplitude of the fixed focus approach, and an
is the apodization value from (4).

A. Simulations

To evaluate the ability to focus in two dimensions simulta-
neously, the focusing in azimuth and elevation is evaluated for
the single-plane SAF, as well as the two 3D SAF techniques.
Fig. 2 shows the improvement in FWHM for single dimension
SAF. It shows that SAF is able to hold a constant F# in
elevation for the desired depth, but is limited by the rotational
axis in azimuth. Fig. 3 and 4 show that SAF focusing in both
dimensions only has a slight effect on the resolution compared
to single dimensional focusing.

Just as important as resolution in an ultrasound image is
contrast, which is highly dependable on the amplitude of
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Figure 2. FWHM for simulated scatterers using single plane SAF in elevation
and azimuth as well as fixed focus. The fixed focus is assumed to be identical
in both azimuth and elevation.
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Figure 3. FWHM in azimuth for
different focusing schemes. Single
plane, direct, and two-step SAF.
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Figure 4. FWHM in elevation for
different focusing schemes. Single
plane, direct, and two-step SAF.

the side-lobes. Both methods have an MSLL in azimuth of
≈ −120 dB, which is far below the dynamic range currently
used. For elevation the MSLL varies much more between the
two methods. The direct 3D SAF method has elevation side-
lobes below -60 dB but the two-step approach has very high
side-lobes. By increasing the number of beamformed points
for each line in the first beamforming step it is possible to
reduce these side-lobes. Fig. 5 shows the MSLL for the direct
and the two-step approach. The lines clearly show a reduction
in side-lobes as the number of axial samples increases from
1,500 to 20,000 per line. The side-lobes are a result of
errors in the interpolation step, which can be circumvented
by either increasing the sampling density or by choosing a
more advanced interpolation scheme [21]. To reduce the side-
lobes below -60 dB a minimum of ≈ 10,000 samples per line
are required. This amount has been used for all subsequent
simulations and beamforming of phantom measurements.

From the simulation results it is seen that both the direct
and two-step approach are able to give the same resolution
and side-lobe level when applied to simulated scatterers,
using an appropriate number of samples for the intermediate
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Figure 5. MSLL in elevation for different first step sampling distances and
compared to direct 3D SAF. The depths of the simulation points are not
indicated on all lines to avoid cluttering the graph, but is identical to the lines
using 8000, 12000 and 20000 points.
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Figure 6. FWHM in the elevation direction of measured wire phantom. The
FWHM is almost constant and unchanged regardless of whether only elevation
focusing or full 3D focusing is used.

beamforming.

B. Phantom Measurement

To validate the simulation results a wire phantom in water
and a complex speckle phantom designed specifically for this
transducer has been measured. The wire phantom is used to
validate the improvement in resolution in elevation for a simple
setting. The more complex phantom allows the visualization of
both scatterers in azimuth and elevation and speckle quality.
Results from phantoms are only showed using the two-step
method with adequate sampling density, as the results are
almost identical with the direct method.

The wire phantom holds six wires placed between 15 and
90 mm of depth. The FWHM in the elevation direction before
and after SAF is shown in Fig. 6. The values have a very
high similarity with the simulated results. A difference is
found in the mean FWHM, which for simulations is 0.89
mm, where the mean measured FWHM is 1.09 mm. Since
the wire phantom is created with twisted wires, this might
give rise to the increase in width. The figure also shows that
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Figure 7. Comparison of three scatterers. The left image is created using
conventional US imaging and the right is created by applying 3D SAF.
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Figure 8. Several scatterers in azimuth with different distances and depths.
The top image is created using conventional US imaging and the bottom is
created by applying 3D SAF.

the improvement in resolution is the same for both 2D and 3D
focusing, which is the same as what was found in simulations.

The results from the complex phantom are visualized using
two different sections, which include scatterers created by
wires in azimuth and elevation. Fig. 7 shows three wires in
the elevation direction where the left image is the data as
represented using the current system, and the right image is
created using 3D SAF. Both scatterers and speckle are seen
to be more uniform and depth independent when 3D SAF is
applied.

Scatterers in azimuth are shown in Fig. 8. As for the
elevation image the speckle is shown much more homoge-
neous and the scatterers are much more clearly resolved. The
scatterers at the top are 10 mm from the transducer, which
allows for a significant improvement in performance. The
image created using 3D SAF resolves all the scatterers where
the conventional image has trouble resolving the structure
of three closely lying scatterers. The ability to resolve close
scatterers will improve functionality in relation to tracking and
positioning of seeds during prostate cancer treatment. It has
yet to be seen whether the method is able to reduce shadowing
below seeds.

C. Signal-to-Noise Ratio

Evaluating the change in SNR for the given movement using
SAF is done by using simulations, wire phantom, and the
speckle phantom. In all cases the amplitude is compared to

that for the fixed focus scan-method as given in (6). Fig.
9 shows the estimated gain in SNR from simulations as
well as the measured change in SNR from phantoms. The
gain in SNR from the speckle phantom is estimated by the
average amplitude of the speckle along a line only containing
speckle instead of just the peak amplitude. The average is
achieved by a moving average filter on the amplitude detected
data. The estimated increase in SNR by simulations show an
improvement in 20 to 30 dB outside the focal point. The
drop in SNR at the focal point is caused by a discontinuity
in the ToF calculations and for a real application will be
changed to simply pass the original data for a limited region.
Measurements do not give nearly as good an improvement in
SNR as simulations estimate, with almost no improvement
in the near-field and ≈15 dB below the transducer focus.
The measurements for both the wire- and complex phantom
agree well with each other and show that applying 3D SAF
allows for an improved penetration; although not as good as
simulations indicate. The reason for this reduced gain in SNR
may come from simulations using only single scatterers and
the measurements use speckle and wires, which might not
behave as expected according to (6). Other sources of errors
can be small differences in the behavior between the simulated
and actual transducer, as well as effects caused by the outer
transducer casing.

V. PROCESSING

A single element transducer has very low processing re-
quirements compared to linear arrays. This leaves system
resources free to do more advanced processing. Real-time SA
focusing in azimuth for a rotating array has been implemented
in [3].

To implement a full 3D focusing increases the number of
calculations significantly. It is possible to reduce the number
of calculations by omitting some of the emissions by either
creating a sparse sampling or increasing the F#. Sparse
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Figure 9. SNR increase by different SAF methods for simulated and
measured scatterers.
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Figure 10. Visualization of the movement of a point relative to the transducer.
The position of the virtual source is denoted rVS and the rotation of the
transducer is set at (0,0).

sampling can be applied intelligently to reduce the impact on
side-lobes [22] or an increased F# can be used at the expense
of resolution. This section will only estimate the processing
requirements for applying either two-step or direct 3D SAF,
and not ways to reduce this. The results gained in Section
IV-A will be used as a requirement for the number of points
during the first step of the two-step approach.

Each emission is only able to contribute to a given number
of lines, which are within the acceptance volume of the virtual
source. The number of lines that will be beamformed per
emission is set to that of the worst-case depth, regardless
of whether most points along some of the lines are outside
the acceptance angle. Exemplified: If 20 points are within the
acceptance angle of an emission at the deepest point and 500
points are used per line, a total of 10,000 points are assumed to
be beamformed. This is done even though many points closer
to the transducer will have an apodization value of 0 due to
the acceptance angle of the virtual source. This method is
chosen to give a worst case estimate of what is required if
implemented using FPGAs or multiple CPUs, which have to
wait for new data or require synchronization. A visualization
is shown in Fig. 10, which shows the discretization. The solid
dotted lines are the beamformed lines for that emission, and
the dashed lines are those omitted.

The required number of lines is largely dependant on
the maximum desired increase in resolution and the largest
distance from the elevation focus. The maximum number of
lines used in elevation is given by

Nele(zmax) =
|zmax − zVS|

F#∆y
+ 1, (7)
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Figure 11. Number of lines required to be processed in elevation and azimuth
for a given depth.

where zmax is the maximum depth required, zVS is the depth
of the virtual source used for beamforming, F# is the f-
number of the transducer, and ∆y is the elevation distance
between each emission for the same azimuth direction. The
maximum number of emissions used in azimuth is given by the
intersection of the point rotated on a circle and the elevation
acceptance angle lines. The intersection is given by

x̃ =

√
z2maxγ − zVS − 2F#zVS

γ
(8)

z̃ = 2F#x̃+ zVS (9)

where γ = 1 + (2F#)2. The total number of emissions for a
given depth zmax is given by combining (8) and (9) into

Nazi(zmax) =
2

∆θ
arctan

(
x̃

z̃

)
+ 1, (10)

where ∆θ is the angular distance in azimuth between two
emissions. Fig. 11 shows (7) and (10) as a function of depth.
Since the aperture is rotating 5.3 mm from the center of
the transducer the value of zVS is increased. Otherwise all
parameters are equal to those given in Table I. Here it is
seen that the azimuth improvement is most costly close to
the transducer surface and the elevation improvement becomes
more expensive with increasing depth.

To calculate the number of lines for the direct SAF method,
the number of lines for an emission will be described by
an intersection between the conical acceptance volume of the
tranducer and the cylinder motion. The expression is both very
complex, and also has to be discrete. An approximation to the
problem is used to give an indication of the progression of
the number of calculations needed. The area of an ellipse is
chosen with the number of lines from (7) and (10) used as
the size of the major and minor axis, giving the total number
of lines for each emission in a direct 3D SAF implementation
equal to

Ndirect(zmax) = πNele(zmax)Nazi(zmax)M (11)
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Figure 12. Number of points required to be processed per slice, assuming
900 lines per slice. The ratio between the two beamforming methods is shown
at the bottom plot.

where M is the number of samples per line in the resulting
volume. For each emission the two-step approach requires

Ntwo-step(zmax) = Nazi(zmax)Mtwo-step +Nele(zmax)M (12)

where Mtwo-step is the number of samples per beamformed line
in the intermediate step of the two-step approach.

For an estimate of the total required number of beamformed
points, the resulting volume is assumed to have 512 points per
line and 900 lines per rotation. The two-step approach is set to
have 12,000 samples per line to give side-lobes below -60 dB.
The total required calculations for a given depth is shown in
Fig. 12. This figure clearly shows that splitting beamforming
in azimuth and elevation gives a reduction of around an order
of magnitude. The two-step approach reduces the number of
calculations, but requires an intermediate data-storage for the
data after the azimuth focusing. This storage will equal the
number of points beamformed, and the number of bytes is
given by

Bstorage = NpNlNsBd, (13)

where Np is the number of points per line, Nl is the number
of lines, Ns is the number of elevation slices, and Bd is the
bytes per point of data. For the setup used in this paper the total
storage will be 9.1 GB of storage, assuming 16 bit complex
data values and 210 slices of raw-data.

The two different approaches both have merits and draw-
backs. The direct approach uses more processing than the two-
step approach and has a constant processing requirement that
will not change with either ultrasound resolution or scan-depth.
The two-step approach allows big savings in calculations, but
requires a large intermediate storage, and is largely invariant to
the resulting image resolution since the expensive processing
is defined by frequency, bandwidth, and scan-depth. The large
storage can be alleviated by choosing a better interpolation

step for the elevation beamforming step. Advanced interpo-
lation will trade processing requirements for the first step,
and storage space for a higher processing requirement on the
second beamforming step.

VI. CONCLUSION

This paper shows that significant improvements can be
obtained by using 3D SAF on a single element transducer.
The spiral motion of the transducer allows both a direct 3D
SAF method as well as a two-step approach to be implemented
successfully. Both methods perform equally well with regards
to improvements in resolution and side-lobe level.

For simulated scatterers an improvement in azimuth by
up to a factor of 5 is possible, although resolution does
decrease with depth. In elevation 3D SAF is able to maintain
a constant FWHM equal to the found at the focal point of the
transducer. A measurement of a wire phantom in elevation
showed a slightly higher FWHM, but still independent of
depth. Simultaneous improvements in azimuth and elevation
resolution were shown in a complex phantom, consisting of
wires in both azimuth and elevation significantly improving
resolution. The improvement allowed for a clear separation
of closely lying scatterers, which were otherwise overlapping.
SNR was improved in measurements by ≈15 dB, at depths
below the transducer focal point, allowing for either a better
penetration, or the use of a higher center frequency, improving
the image quality.

Computational costs of the two-step approach is of an order
of magnitude lower compared to direct 3D SAF. The reduction
in computations requires an intermediate storage of 9.1 GB.
Choosing one method over the other is highly dependent on
the system. If processing power is cheap compared to storage
the direct method will be more efficient to implement and vice
versa.
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